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USSR, Academy of Sciences, Moscow, USSR

Received 6 January 1975, in final form 7 July 1975

Abstract. The set of completely renormalized equations which is free of difficulties con-
nected with the treatment of so called overlapping divergencies is obtained in the Yang-
Mills field theory. The asymptotically strict solution of this set is found in the region of
large transferred momentum. The ultraviolet asymptotic behaviour of all the Green and
vertex functions is obtained and the connection between the bare and the experimental
charge is discussed.

1. Istroduction

Recent investigations by several authors (Gross and Wilczek 1973a, b, Politzer 1973,
Cheng et al 1974) have shown that there exists a certain class of field theories free of the
known ‘zero charge’ difficulty (Landau and Pomeranchuk 1955, Fradkin 1955a). The
guge Yang-Mills fields which play the important role in the unified theory of weak,
tkaromagnetic and strong interactions belong to this class of theories. This remarkable
Bt was established by Gross and Wilczek (1973) and by Politzer (1973) by summing
the perturbation series on the basis of the renormalization group method. The absence
9f the ‘zero charge’ difficulty from this theory indicates its logical self-consistency and
B?fgeat%t importance for further study. At present it seems doubtless that the Yang—
Millstheory will be intrinsically involved in a wide range of problems of future quantum
feld theory. ‘In this connection we think it reasonable to formulate the Yang-Mills
ld theory in such a closed form as would admit studying by the methods which
Proceed far beyond the scope of ordinary perturbation theory.

In EXS paper a set of completely renormalized equations will be obtained for the
n tran?m‘ls gnd the asymptotically strict solution will be found in the large-momen-
d}namimler llml} (F radkm. apd Ka}ashnikov 1974). We shall proceed from the set of
wof umegguathns descrlb}ng this class of theories.and reformulate them into the
rmalizeg r!;;atl.lzed equations for the Green funcqons. The set of completely re-
: genciese?s thlons wh}ch is free pf the known difficulty of treating overlapping

1055 1965)eI; obtamed_ follo.wmg the me‘thod‘ of one of the authors (Fradkin

°Ximat30n Wl;icﬁ concl%mon this set of equationsis §olved within the ‘three-gamma’
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160 E S Fradkin and O K Kalashnikov

There is also another reason why we think it important to carry out the 2bove.
mentioned programme in the framework of dynamical equations. The point is that iy
our opinion a number of problems in modern gauge field theory (such as the possip;
that the quark may form bound states when interacting through the Yang-Mjiji Bl
or, say, temperature and many-particle effects in various models of the unified interaey
etc) can be solved consistently only when a corresponding set of renormalized dynamig
equations is employed. In this connection the set of completely renormalized equatigy
for the Green functions in the Yang~Mills field theory obtained in the present paper
may turn out to be useful for a number of other applications as well.

2. A set of unrenormalized equations for the Green functions
We shall proceed from the well known expression for the generating functional (De

Witt 1967, Fadeev and Popov 1967, Mandelstam 1968, Fradkin and Tyutin 1970) of the
Yang-Mills field theory

Z = J.@[. ..Jexp(iS),

S[...] = ~3G2,G2,+ CVE,)CP + 508,40 + Apd s+ [Con +7°C

@h

by transforming it identically to more convenient variables
1 .
Si..)]= —EA(I)[DAZ](; (1, 2)A(2)+1—3g—'°r“,31(1 ;25 3)A(DAR)A(R)

FPURY)
+(_‘gz%)_r<f)(1 $2:3; 9A(DAQAB)A@ ~ C(1)[Geels (15 2CQ)

+(igoT (15 23)C(NCR)AB)+ A + [T +ANC]. @

Summation and integration over the repeated labels is implied here. The zero Grem
functions

(D)o Yilx3 y) = 8(x— 6™ —5,,0+(1 +2)8,6,},
([Geels 'Yx; y) = 8(x—y)6*(~ )
and the bare vertex functions

(TQe(x; y;2)

= ifw{ény[—Zé(x—z)<aiy&(y—x))+5(x_y)( 7 5(x—z)):]

-
oo

{23

+ 5,,,[— 25(x -y)(5&;5(x— z)) +8(x— z)(%&(x -y)

+4,, [B(x -z)(;y—é(y -x)) +6(x —y)(%é(x —2)
n n

(TRI™Ex; M2) = + if"b’(-éi—&(z - y)) S(x—2),
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21;22;23 ’ 24)
= 8z, —200(z1 = 23)0(21 = 2) {7 - 7 [ 010 — Eovs]
F( S [B30B s = Buas) + (7% [7) 300 — Busyel}

geaptained from the initial functional S[...]. The exact Green functions

5 Sz
A1; = —1 —_— = ,2 = —.————_ 2.5
Deltid = ~igzmazay DT Tignend )
aithe vertex function of the theory under consideration
5D;21(1,2)
IFs(1;2:3) = ———75>
w3233 = =0 STA)
52D3M1;2)
T1:2;3;4) = —— A : 2.6
wlli2:3:8) = G BN A 26
8Gz2(1;2)
Ters1:23) = ——ec 222
ceall3213) 200 CAGD

mdefined here in a usual way.
The set of functional equations is derived by a usual method and, according to
{12) has the following simple form:

Dl (1;2¢AQ) —%l‘ﬁ’;?(l 32:3) |:DA2(2; 3) —% CAQ2)> <A(3)>]

(80 vors ~. 4. n|6D42(2;3) 1 .
+=- T 2,3 4)’[—5‘]—(4)——?(A(2)>DA2(3 :4)

@.7)
1

-T<A(3)>DA2(2 ; 4)—%<A(4)>DA2(2 3 3)—<AR2)) CAB)» <A(4)>]

+gol{ee(112; 3) [Gcé(?’ 32— li<C(3)> <C_3(2)>] = J(1),

5CRY 1
8J3) i

el "(1;2¢C@Y - goTR(1; 213)[ €2y (A(3)>:l = (1),

The . . .
‘se;doff unrenormahz_ed equations for the corresponding Green functions is then
{ned irom (2.7) by differentiation of the latter with respect to the external sources.

equaﬁg:fs :algebra, it may be easily put into the form of the Schwinger-Dyson-type

P02 = [D 11513 2) ~ igo)CSU1 ; 23 3)<AGY

~Higo) TQ(1;2; 3; 4)CAB)) CA@)) —TT4a(1; 2), 238)
(Geel *(152) = [Geelo (13 2)—Zeell; 2)
msouroes of the C-

field are switched off here and the self-energy operators are defined
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by the following integral representations:

2 2 _
M1 T) = ~£200152;3; TIDl2; 391 2: 310,02 IT63:2: 1,0,
3 — —-— —
—%r*})(l 12535 4)CAQDD (43 3T (35 2, DD (25 3)

4
~EOr(1; 2;3; D02 B.(3: 53 6
x D (5; 2r As(j' 2; T)DAz(g' 4D 2(6;3) 09

g°r<°)(1 02535 4D 2(2; DT 14(3;3;2; 1)D 12(3; 3)D 12(4; 4)
B IA12: 36l I eB: IMeck?:

Tedl;T) = —53 FQ(1; 23)Gce(2; D ace12; D 1233 3).

All the necessary vertex functions are to be found by direct differentiation of (29
according to their definition (2.6}.

3. Renormalization of the set of equations for the Green function

Although the set of equations (2.8) is closed and consistent, explicit calculations with
the aid of it turn out to be extremely difficult. The point is that all the quantities in-
volved appear to be infinite due to divergency of the corresponding integrals in the
region of both small and large momenta. The divergencies in the region of smal
momenta are due to the masslessness of the Yang~Mills fields which introduce an actuz!
difficulty to the theory in question. On the contrary, the ultraviolet divergencies ar
easily eliminated from the theory within a usual renormalization programme. T
latter can be carried out in a general form directly in the framework of the set of
equations (2.8).

For that purpose it is necessary first of all to introduce the Z-factors to the Greee
and vertex functions

M=z, G=z;'-G, DF=2;'.D G4
and to go over in (2.8) to the renormalized quantities
(DL)71(1;2) = Z¢ - (D)5 '(1; 2~ (R)Z# - TQU1 ;5 23 3)< ARG

8P e o R 1)
= 21 TRA1:2;3;4)<ARR)Y (AR @) ~ TT (11 D), 0

[GEe)™'(152) = Z§F - [Geelg H(152) ~ Zeel1;2),
with account taken of the exact Ward identities (Taylor 1971, Slavnov 1972)
Z?J'[Zgzj-l = ZfCE_[ng‘]—l’ ZA4 — [Z'fBJZ'[Zng—l {2~
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the connection between the ‘bare’ and experimental charges

gl &
¢ =g3- (2872 (287 (3.4)

qview of the arbitrariness of the theory one can choose the Z-factors so that all

graviolet divergencies of the theory be eliminated. In particular, thc? Z,- anfi zZ 3
¥ are determined from the requirement that the corresponding divergencies in

4 Green functions be eliminated:

O 2(k3)
k2

c 0Zce(k)
C
75 =1+ FIEa

Z{ =1+ (3.5)

ik the Z,-factors serve for the elimination of ultraviolet divergencies in the vertex
gations. The renormalized Green functions retain the structure of the Schwinger—

Don-type equations |
B = Dals M1 2~ ()21 - TR1;2;3)CA%3)
~Kig)? - Z{- TQU1;2;3;4)<ARQ) (4 @) — 1215 2), 3.6)
[GE]™1(1;2) = [Geels '(152)—Zéel1;52),

wowever, self-energy operators in these equations

= ~ o' (k2)

iRk = nAz—kZ—aEgi

%' (k)
ok3

G.7)
B34 = Se— i

donot contain ultraviolet divergencies. Here k3 is an arbitrary point of renormalization,
mzand Scare those parts of the self-energy operators which are subject to renormal-
mtion. They have a tensor structure similar to that of the corresponding lowest-order
Green function.

At the next stage the ‘overlapping’ divergencies connected with the resolution of
ba-type uncertainty should be eliminated from the theory. This uncertainty arises
¥hen one solves the set of renormalized equations (3.6) due to the presence in it of the
Hactors and ‘bare’ vertices. We shall apply here the same method as the one applied
B the papers (Fradkin 1954, 1955b, 1965) by one of the present authors, and after some
&y transformations we shall effectively eliminate the above-mentioned difficulty.

152 completely renormalized set of equations for the Green functions in the Yang—

field Fheory is obtained.

mt’efbegm with eliminating the (Z{® - T'Q)z) combination. For that purpose, instead

our-point function Wez .2(1; 2)3; 4),

Heall;213;4)

()0 AR(3)>

+T8e(1;23)DR(3; DMR(2; 3; 4), (3.8)

+TCea(1; 23)GE(2; D Eu(T; 24)



164 E S Fradkin and O K Kalashnikov

defining the renormalized I function

Tfeul1;23) = Z{%4 - TRUL; 2I3)—§;Z?"‘ TR 23)
X GBAZ; Wz 4(1; 203 9D%4; 3). o9
We introduce a new four-point function Peg,2(1;2(3; 4),
Peesa(1;23;4)
= Weead(1;203; 4)+§;i Weear(1;23; 9D%(3;3)
%G8 (2; DPees152(3;9) 6

having used the block W(1;2|3;4) as an irreducible part. Equation (3.8) defining the
I'-function is now equivalent to the following equation

2
T8za1;23) = Z§°4 - TR 2|3)—-gi-r Cea1;23)G842; 1)
x Pez4:(1; 213, 9)D5:3; 3) a1

which expresses Z§%4 - T, only in terms of renormalized quantities. This is just the
equation to be used for eliminating Z{*. 'Y, from all the other equations of the
theory under consideration.

The combinations Z%* - T*Y and Z{*- Y are eliminated in an analogous way. It
is convenient, however, to unite the equations for the corresponding vertex functioss
in the single matrix equation

[M%:(1;2;3) T8.(1;2;3;4)]
=(Z¥ TY1;2;3) Z§ - TQ;2;3;4)]
—[z# TQ(1;2;3) Z4 - TQN1;2;3;3)
0K ;2 A(? :312) 8K A2 A(ﬁ; §[2)
(g)o<AR3)y  (ig)d<AR(3)) o AR @)) 61
0K 5,2:3;42) 0K ;:,2;3;32)
(i8)6<ARQ)y  (ig)26<AR(3)Y6( AR @A)

[ SMi(1;2) Me(1;2)
(ig)o<A%(3)) (ig)25<AR(3)>5<AR(4)>:[

x

'bemuse this s;'mpliﬁes considerably the consequent calculations. The new K-functos
in (3.12) are directly connected with the self-energy operators introduced above:

M1 T) = ~ZETPAL; 25 3)K 124(3: 20T)
—Z{" TR 253,4K 0,043 3:20T) + Mi(t; T, 61
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a;funcﬁon F is defined by the corresponding matrix from equation (3.12)

i1l 325 3)  Few:32:3:4) ]
83829 Fou®i32i3:9

0K 424(2:312) 52K 242;312)

o ARy (ig)*8CATGN KA

T oKoa® 38 Kaea:3:42)

[@)<ARB)y  (ig) o< AR(3)»o{A"4) (3.14)
_5KAZA(2;§I§) 52KA2A(2;§\_§) _
[@oARD))  (g)P6CARB)I A @)
5K ,542:3:3D) 82K ,54(33; ZE)_
| G)oKARR)y (9?6 AR()YIC(ATEY
Fea@:32; 3 Feo@:32:3:4) }

X

| Fog2:3:32:3) Fon@:3:42;3;4)

s makes it possible, some easy transformations being carried out, to obtain a simple
gation for eliminating Z# .7 and Z#'- T'Y combinations from all the consequent
akulations:

TH2:3) Th(15253;4)]
={Z£.TQ1;2;3) Z4-T(;2;3;4))
—-[T%(1;2;3) T51;2;3;4)

Fen@32i3) Fon;312:3:4) ]

LF342(2;3;82;3) Fuo0a2;3:4253:4) (3.15)
+ i oM o(1 )] M (1 :2) :I

| (18)5<ARG)>  (i8)*0<AR(B))I AR@)

[82;2)6(3; )+ Fae0e2; 3125 3) Fuui2;312;3;4)
X | Fpnl2;3;42:3) 5(2;%161(%53(67(?%?27(2;;3;4)

}‘lehe lenormalization programme may be considered to be over. The “overlapping
drergencies’ being excluded with the aid of (3.11) and (3.15), the self-energy operators
%ﬂmm now be subject for explicit calculations. The factors Z, are eliminated from
iil)and (3.15) by usual methods (Fradkin 1954, 1955b, 1965).

i . .
Asvuptotic behaviour of the Green and vertex functions in the region of large
brred momentum

Mot behaviour of the Green and vertex functions will be calculated by us within
Ve set of exact renormalized equations. We shall restrict ourselves to the so
hmoi:'gamma’ approximation and carry out all calculation within it following
of one of the present authors (Fradkin 1955a, 1955¢). ‘Three-gamma’
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approximation used by us here implies the simplification of t}ae exact set of dypapm
equations with the help of self-consistent expression of the hlgh;st vertices (or highet
Green functions) through the exact one-particle Green functions and the Simpleg

exact vertices. .
Below we shall consider the equation for the vertex function of the ghosts only:

2 -— - j— -
Teeall;23) = Z¥4-TR(1; 213)—%1”’554(1 s 23)GEAZ; DPceas(T; 213; HDEE:3) 4y

and the set of equations for the derivatives of the corresponding Green functions:

d[D%1'(?) _ l_dﬂﬁz(pz)‘ diGeel™'(?) _ | _dZ&p?)

dp? @ dp? e @

We shall not need an equation for the I >-function since the latter can be determineg
with the aid of the exact Ward identities; the I' .-function appears not to be connected
with these calculations because the corresponding part of the self-energy operator
does not contribute to the asymptotic region. The set of equations for the derivativs
of the corresponding Green functions is as exact as the initial set of equations for the
Green functions, but enables us to avoid some difficulties in calculations.

The simplifications of the exact set of equations (4.1), (4.2) within the ‘three-gamma'
approximation are first of all due to an approximate change of Z{®4 I, and
Z#.T® in (4.1) and (4.2). We shall restrict ourselves here to the leading terms of
equations (3.11) and (3.15) obtained above:

Z{ T8 - Ty, Z8 T - I, (43

Besides, when solving equation (3.10) for the four-point function Prz,: one should
also restrict oneself to the leading terms and simplify the expression for Wz, within
the same accuracy. As a result, instead of the exact equation (4.1) the vertex function
of ghosts is to be determined from a still simpler equation,

T8ea1;23) = Z§54. T (15 23)
2
—-gi—ré‘mu s 23)GEA2; DB 415 213)DR:(3; DT R42; 3; 4)D5:4;3)

2
~ T8 (1: 3)GR2: e (T T4GET B (T 2904131 49

which, together with equations (4.2) after the corresponding replacement of Z{*- Ttk
and Z$*-T'¥ combinations in it according to (4.3), is the basic for our further &
culations. It should be noted here that the ‘three-gamma’ set of equations thus obtainéd‘
may be derived in diagram language also. It is necessary in this case to replace bare
vertices and zero one-particle Green functions by exact vertices and exact one-part
Green functions in irreducible diagrams of first-order perturbation theory for 1
vertex I'fs, and for the derivatives of the mass dZ&(p?)/dp? and polarizatiol
dI%x(p?)/dp® operators. ‘
Calculation of the asymptotic behaviour of the Green and vertex functions withis
such an approximate set of equations is carried out according to one of the presett
authors (Fradkin 1955a, 1955c) and in the most complete form can be found in 08¢
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radkin and Kalashnikov 1974). Here we shall present only the final
;“m;se calculations:

Teea=hee=T3 dg = 193 [p=D%3;
11 2 -3/22
r=|1+CO5 gt 5)

Expressions (4.5) show the asymptotic behaviour of the Green and vertex functions
i the region of large transferred momentum and are asymptotically exact. .
4s to the expression for the invariant charge g¥(t) = g’T'4:d3%:, it can easily be
pand with the aid of (4.5) in the following form:
g’ 6
%) = : 4.
80) = 11, (0E 1672 Inp? ) (

shich differs essentially from the corresponding expression in the Abelian theories by
g sign in the denominator. From (4.6) it is seen that at high energies the effective
geraction tends to zero and the theory becomes asymptotically free. The ‘bare’
darge coincides with the asymptotic value of the invariant charge at p* = o and also
umds to zero. At the same time the ‘zero-charge’ difficulty is absent from this theory
dwee according to (4.6) the renormalized charge remains constant.

5. Concluding remarks

We have obtained here an exact and completely renormalized set of equations for the
Green functions in the Yang-Mills field theory. This set of equations contains no
divergencies and uncertainties and requires no regularization for its solution neither in
perturbation theory nor beyond its scope. The asymptotic behaviour of the Green and
wrtex functions is found in the region of large transferred momentum. The connection
between the ‘bare’ and experimental charges for the given class of theories is discussed.
All the calculations are performed in the so called ‘three-gamma’ approximation.
However, since the theory is asymptotically free the results obtained here are exact.
Tne‘muh for the invariant charge within this approximation coincides with that in
the one-loop’ approximation of the renormalization group equations. Within the
Jresent approach, however, we obtain not only the ultraviolet asymptotic behaviour of
teinvariant charge but, at the same time, also the asymptotic behaviour of the Green
@d vertex functions in the same domain of the momentum transferred.
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